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ed Institute of Te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Mt. 14-1 Nongseo-dong Giheung-gu, Yongin-si Gyeonggi-do, 446-712, South Korea
(Dated: Prepared 17 July 2008)
The lens surfae prole is derived based on the instantaneous foal length versus the lens radius
data. The lens design based on instantaneous foal length versus the lens radius data has many
useful appliations in software assisted image fousing tehnology.
I. INTRODUCTION
The software assisted image fousing is an emerging
tehnology whih is expeted to replae the traditional
methods of autofousing in image manipulation devies,
suh as digital ameras and mobile phones. Unlike the
traditional methods, where the fousing of images is
done by mehanially movable parts, the software as-
sisted tehnology produes foused images by proessing
it through speialized image reonstrution algorithm.
The transition from mehanial to software assisted im-
age fousing an be attributed to the (1) demand for
thinner and lighter produts by ustomers, and (2) the
advanements in manufaturing proess for faster and
more power eient digital signal proessors. With aut-
ofousing by mehanially movable parts, the demand for
thinner and lighter produts is beoming a top hurdle for
manufaturing proess. On the other hand, the advane-
ments in more power eient and faster digital signal
proessors make software assisted image fousing teh-
nology ideal for satisfying ustomer's demand for thin-
ner and lighter image developing produts suh as digital
ameras and mobile phones to name a few.
At the heart of software assisted image autofousing
tehnology is the speialized image reonstrution algo-
rithm permanently oded into the built in digital sig-
nal proessor. The atual layout of the ode base for
image reonstrution algorithm varies among dierent
manufaturers and many manufaturers do not dislose
their algorithms to publi as they onstitute a trade se-
ret. The image reonstrution algorithm an be odied
based on instantaneous foal length versus the lens ra-
dius data(author?) [1℄. One this speialized image re-
onstrution algorithm is adopted for the system, a lens
must be designed so that its output mathes the instan-
taneous foal length versus the lens radius data, whih
information was assumed and used as input to the image
reonstrution ode base.
In this work, a formula for the lens surfae prole is
presented. The derivation of lens surfae prole is solely
based on the instantaneous foal length versus the lens
radius data; and therefore, the result is expeted to nd
useful appliations in software assisted image fousing
∗
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tehnologies.
II. INSTANTANEOUS FOCAL LENGTH DATA
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Figure 1: Instantaneous foal length versus the lens radius,
where both are measured in meters. The normal inidene is
assumed for the inoming light rays.
Alexander and Lukyanov have reently led for a
patent whih deals with image reonstrution algorithm
with appliations in software assisted image fousing
tehnology. In their proposal, they laim to have ob-
tained an optimal image proessing solution, whih is
expeted to be a signiant improvement over the prede-
essor(author?) [2℄. Behind their optimization is the in-
stantaneous foal length versus the lens radius data illus-
trated in Fig. 1, whih result assumes a normal inidene
for the inident light waves. In the gure, β denotes the
instantaneous foal length and y is the lens radius. Eah
of the twelve segmented urves an be represented by the
quadrati polynomial
βi (y) = aiy
2 + biy + ci, (1)
with oeients (ai, bi, ci)given by
a1 = −313.07, b1 = 0.0235, c1 = 0.0035137034,
a2 = 534.53, b2 = −0.2472, c2 = 0.003527877626,
a3 = −309.02, b3 = 0.0818, c3 = 0.0035088062,
2a4 = 536.05, b4 = −0.3275, c4 = 0.0035493232,
a5 = −306.12, b5 = 0.1182, c5 = 0.003502912672,
a6 = 539.03, b6 = −0.3891, c6 = 0.003569538239,
a7 = −303.68, b7 = 0.1463, c7 = 0.003496845208,
a8 = 542.21, b8 = −0.4417, c8 = 0.003589312176,
a9 = −301.27, b9 = 0.1695, c9 = 0.00349080193,
a10 = 545.96, b10 = −0.4895, c10 = 0.003609151039,
a11 = −298.81, b11 = 0.1893, c11 = 0.003484870978,
a12 = 179.08, b12 = −0.0474, c12 = 0.003469596542,
where the subsript i denotes the ith urved segment in
Fig. 1. The urve tting was done by linear regression.
The physial lens, whose output satises the instanta-
neous foal length versus the lens radius data dened in
Fig. 1, is one of the variants of lens with extended depth
of fous(author?) [3, 4, 5℄. With Eq. (1), I shall solve for
the lens surfae prole whose output mathes the instan-
taneous foal length versus the lens radius data dened
in Fig. 1.
III. THE LENS SURFACE EQUATION
A. Derivation
When a ray of light passes aross media of dierent
refrative indies, its path is governed by the Snell's law,
nφ sinφ = nθ sin θ, (2)
as illustrated in Fig. 2. Here, nφ ≡ nφ (ω) and nθ ≡
nθ (ω) are frequeny dependent refrative indies with ω
denoting the angular frequeny of the light. The param-
eters φ and θ represent the angle of inidene and angle
of refration, respetively.
If N denotes the normal vetor to the loal point y = γ
on the urve x = h (y) , then it an be shown
‖−N× (−e1)‖ = ‖−N‖ ‖−e1‖ sinφ = N sinφ
and the expression for sinφ beomes
sinφ =
‖N× e1‖
N
, N ≡ ‖N‖ , (3)
where e1 is the unit basis for the x axis.
Similarly, the expression for sin θ may be obtained by
onsidering vetors A, B, and C of Fig. 2. The vetors
A, B, and C satisfy the relation,
A+B = C. (4)
In expliit form, vetors A and B are dened as
A = −γe2, B = (β − α) e1, (5)
where e2 is the unit basis for the y axis. With Eqs. (4)
and (5), the vetor C beomes
C = (β − α) e1 − γe2. (6)
The vetor ross produt N×C is given by
N×C = (β − α)N× e1 − γN× e2
and its magnitude beomes
‖N×C‖ = ‖(β − α)N× e1 − γN× e2‖ = NC sin θ,
(7)
where N ≡ ‖N‖ and C = ‖C‖ . Utilizing Eq. (6), C may
be expressed as
C = (C ·C)
1/2
=
[
(β − α)
2
+ γ2
]1/2
and the Eq. (7) is solved for sin θ to yield
sin θ =
‖(β − α)N× e1 − γN× e2‖
N
[
(β − α)2 + γ2
]1/2 . (8)
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Figure 2: Illustration of Snell's law.
Insertion of Eqs. (3) and (8) into the Snell's law of Eq.
(2) gives
nφ
nθ
=
‖(β − α)N× e1 − γN× e2‖
‖N× e1‖
[
(β − α)2 + γ2
]1/2 . (9)
3By denition, the normal vetor N satises the relation,
g (x, y) = x− h (y) ,
where g (x, y) is a funtion whose gradient gives N,
N = ∇g =
∂g
∂x
e1 +
∂g
∂y
e2 = e1 −
∂h
∂y
e2.
Beause N is the normal vetor at the loation
(x = α, y = γ) , I write
N = e1 −
∂h
∂y
∣∣∣∣
y=γ
e2. (10)
The following vetor ross produts are valid,
N× e1 = e1 × e1 −
∂h
∂y
∣∣∣∣
y=γ
e2 × e1,
N× e2 = e1 × e2 −
∂h
∂y
∣∣∣∣
y=γ
e2 × e2,
where Eq. (10) was used to replae N. Sine e1 × e1 =
e2 × e2 = 0, the previous relations redue to
N× e1 =
∂h
∂y
∣∣∣∣
y=γ
e3, N× e2 = e3, (11)
where e3 is the unit basis for the z axis of whih satises
the relation,
e1 × e2 = e3, e2 × e1 = −e3.
Insertion of Eq. (11) into Eq. (9) gives
nφ
nθ
=
(β − α) ∂h∂y
∣∣∣
y=γ
− γ
∂h
∂y
∣∣∣
y=γ
[
(β − α)
2
+ γ2
]1/2 ,
whih expression an be rearranged to yield
∂h
∂y
∣∣∣∣
y=γ
=
γ
β − α−
nφ
nθ
[
(β − α)2 + γ2
]1/2 , (12)
where α and γ are onstants of whih are depited in Fig.
2.
For Alexander and Lukyanov's optial element, the in-
stantaneous foal funtion β ≡ β (y) in Eq. (12) is as
dened in Fig. 1. The γ for the y axis is not anything
speial, of ourse. Any y belonging to the domain of h
satises the Eq. (12). The generalization of Eq. (12) for
all y belonging to the domain of h is done by making the
following replaements:
α→ x, γ → y,
∂h
∂y
∣∣∣∣
y=γ
→
∂h
∂y
=
dx
dy
.
With these replaements, Eq. (12) gets re-expressed in
form as
dx
dy
=
y
β − x−
nφ
nθ
[
(β − x)2 + y2
]1/2 . (13)
How is the instantaneous foal funtion, β, restrited?
The β in Eq. (13) is restrited so that the expression for
dx/dy does not blow up. Equation (13) is well behaved
if and only if the denominator satises the ondition,
β − x−
nφ
nθ
[
(β − x)
2
+ y2
]1/2
6= 0.
To solve for β, I shall rst rearrange the previous expres-
sion to get
β − x 6=
nφ
nθ
[
(β − x)
2
+ y2
]1/2
.
Squaring both sides,
(β − x)
2
6=
n2φ
n2θ
(β − x)
2
+
n2φ
n2θ
y2,
and regrouping the terms, I nd
(β − x)
2
(
1−
n2φ
n2θ
)
6=
n2φ
n2θ
y2.
The resulting expression an be solved for β to yield
β 6= x±
nφy√
n2θ − n
2
φ
. (14)
Equation (14) denes the restrition for the instanta-
neous foal funtion.
B. Lens surfae prole
The prole of axially symmetri lens about its optial
axis is obtained by solving the initial-value dierential
equation, Eq. (13),
dx
dy
=
y
β − x−
nφ
nθ
[
(β − x)
2
+ y2
]1/2 , x (y0) = x0,
where x (y
0
) = x
0
is the initial ondition to be speied
and the instantaneous foal funtion β satises the on-
strain dened in Eq. (14). Without loss of generality, one
may hoose x (y = y
0
= 0) = 0 for the initial ondition
and the lens prole satises the dierential equation,
dx
dy
=
y
βi − x−
nφ
nθ
[
(βi − x)
2
+ y2
]1/2 ,
(15)
x (0) = 0, βi 6= x±
nφy√
n2θ − n
2
φ
,
4where the index i in βi omes from the fat that the input
speiation dened in Fig. 1 is piee wise ontinuous
over range of x. The domain for eah βi is given by
β1 : 0 ≤ y ≤ 0.00019182692,
β2 : 0.00019519231≤ y ≤ 0.00027259615,
β3 : 0.00027596154≤ y ≤ 0.00033317308,
β4 : 0.00033653846≤ y ≤ 0.00038701923,
β5 : 0.00039038462≤ y ≤ 0.00043413462,
β6 : 0.0004375 ≤ y ≤ 0.00047451923,
β7 : 0.00047788462≤ y ≤ 0.00051153846,
β8 : 0.00051490385≤ y ≤ 0.00054855769,
β9 : 0.00055192308≤ y ≤ 0.00058221154,
β10 : 0.00058557692≤ y ≤ 0.0006125,
β11 : 0.00061586538≤ y ≤ 0.00064278846,
β12 : 0.00064615385≤ y ≤ 0.00067307692.
The dierential equation (15) has been solved using the
Runge-Kutta method(author?) [6℄. The Runge-Kutta
routine has been oded in FORTRAN 90 and the result
for the ase where nφ = 1 and nθ = 1.5311 is provided in
Fig. 3. The physial lens may be obtained by revolving
the urve about the x axis. Sine the light ray is direted
in the positive x diretion, as illustrated in Fig. 4, it
implies that the image sensor should be embedded inside
the lens for the ase where nθ > nφ.
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Figure 3: The lens ross-setion, nθ > nφ.
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Reversing the values for two refrative indies, i.e.,
(nφ = 1.5311 and nθ = 1), the lens surfae prole be-
omes as illustrated in Fig. 5. Again, the physial lens
may be obtained by revolving the urve about the x axis.
Sine the light ray is direted in the positive x diretion,
the ase nθ < nφ represents the situation where light is
exiting the lens medium. For this onguration, where
nθ < nφ, the image sensor should be plaed external to
the lens medium, as illustrated in Fig. 6.
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The plots of lens surfae ross-setion, Figs. 3 and 5,
deeptively portray as if lens surfae prole is represented
by paraboli lass of urves. To show graphially that
this is not the ase, the numerial data solutions obtained
via Runge-Kutta method to graph Figs. 3 and 5 were
linearly regressed to obtain
x1 = a1y
6 + b1y
5 + c1y
4 + d1y
3 + e1y
2
+ f1y + g1, (16)
x2 = a2y
6 + b2y
5 + c2y
4 + d2y
3 + e2y
2
+ f2y + g2, (17)
where x1 is the polynomial urve t for Fig. 3, x2 is the
polynomial urve t for Fig. 5, and the oeients are
given by
a1 = −8× 10
13, b1 = 2× 10
11, c1 = −1× 10
8,
d1 = 52523, e1 = 403.1, f1 = 3× 10
−4,
g1 = −3× 10
−9,
a2 = 5× 10
13, b2 = −1× 10
11, c2 = 1× 10
8,
d2 = −29916, e2 = −264, f2 = −2× 10
−4,
g2 = 2× 10
−9.
If x1 represents a perfetly tting polynomial funtions
for the urve plotted in Fig. 3, then one should expet the
dierene x−x1 is a onstant, where x is the plotted urve
in Fig. 3. Similarly, if x2 represents a perfetly tting
polynomial funtions for the urve plotted in Fig. 5, then
one expets the dierene x−x2 is a onstant, assuming
x now is the plotted urve in Fig. 5. Contrarily, if x−x1
(or x− x2) is not a onstant, then the polynomial x1 (or
x2) annot be a perfetly tting polynomial funtion for
the urve plotted in Fig. 3 (or Fig. 5).
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Figure 7: Plot of x − x1 for the ase where nφ = 1 and
nθ = 1.5311.
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Figure 8: Plot of x − x2 for the ase where nφ = 1.5311 and
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The results are shown in Figs. 7 and 8 respetively for
the ases where nθ > nφ and nθ < nφ. It learly shows
that x− x1 or x− x2 are far from being onstants. This
indiates that the surfae ross-setional prole of lens
is not a simple paraboli urve as deeptively portrayed
Fig. 3 (or Fig. 5). Instead, the magniation of the
surfae reveals series of kinked segments whih must be
attributed to the disrete ontinuous urve segments in
instantaneous foal length (β) versus the lens radius (y)
data shown in Fig. 1.
IV. CONCLUDING REMARKS
At the heart of software assisted image fousing teh-
nology is the speialized image reonstrution algorithm,
whih is permanently oded into the built in digital sig-
nal proessor. The algorithm is often odied basing on
the instantaneous foal length versus the lens radius data
as the initial input. The software assisted image fousing
6system therefore requires a speially designed lens whose
output generates the instantaneous foal length versus
the lens radius data. In this work, a formula for the lens
surfae prole has been presented. The derived lens for-
mula generates a unique surfae prole for the lens based
on the instantaneous foal length versus the lens radius
data. The lens design based on instantaneous foal length
versus the lens radius data makes this result well suited
for software assisted image fousing tehnology.
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